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Abstract For asymptotically flat space-times, a very satisfactory expression for the
total mass/energy of a system defined at future null infinity was provided by Bondi and
Sachs, in the early 1960s. A generalization of this to space-times that are asymptot-
ically de Sitter now has particular relevance in view of observational evidence, from
1998 onwards, indicating the presence of a positive cosmological constant . In this
article, some of the issues involved in such a definition are examined, showing that a
somewhat different attitude to mass/energy must be taken, from that which was appro-
priate for asymptotically flat space-times. Two tentative suggestions are put forward
for a retarded mass/energy definition with positive , one based on a conformally
invariant integral expression whose advanced time-derivative gives the Bondi–Sachs
definition in the asymptotically flat case and the other, on the author’s 1982 approach to
quasi-local energy. Such expressions could have some direct relevance to the proposal
of Conformal Cyclic Cosmology, for which recent analysis of the CMB has provided
some striking support.
Keywords Cosmological constant · Energy in cosmology · Bondi–Sachs mass ·
Conformal cyclic cosmology
1 The role of positive 
It is a great pleasure for me to have this opportunity to pay my respects to my old
friend Joshua Goldberg in honour of his 86th birthday. I hope that the ruminations
presented here, incomplete as they are, may provide at least a partial indication of the
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admiration and warm regard that I have for Josh, not only as a person, but in view
of his great interest in, and powerful contributions to, conservation laws in general
relativity [1,2]. I am concerned, in this article, with a notion of mass/energy aimed to
apply to Einstein’s general relativity when there is a positive cosmological constant
 present.
Clear evidence for the actual physical presence of a positive  (or possibly of some
kind of alternative “dark-energy” field that mimics such a -term in Einstein’s theory)
originated from the independent observations of distant supernovae made by the teams
headed by Saul Permutter and by Brian Schmidt in 1998 [3], and has been subsequently
re-enforced by further work.1 On the basis of this finding, I proposed, in 2005, the
cosmological scheme referred to as “conformal cyclic cosmology” (abbreviated CCC)
which depends crucially on the actual existence of a positive  (see Penrose [5]). The
cosmological picture that is presented by current theory and observation asserts that
our universe originated with Big-Bang event and has been expanding ever since, the
-term in Einstein’s equations telling us that this expansion should continue exponen-
tially to eternity. CCC proposes that this is only a partial picture, and that the entire
history of the universe as presented by current theory is but one “aeon” in a contin-
uing succession of such aeons, the conformal infinity of each matching exactly the
conformally “stretched” geometry of the big bang.2 The very early inflationary phase
to the universe that is normally regarded as an essential part of standard cosmology is
also eliminated in CCC, the final exponential expansion of the previous aeon serving
all the purposes for which inflation appears to be needed.
In a recent arXiv note, Gurzadyan and Penrose [6] presented significant evidence
in support of one of the predicted effects of CCC, namely signals within the CMB that
would result from encounters between supermassive black holes in the aeon prior to
our own. According to CCC,3 repeated gravitational wave bursts from these encoun-
ters within a single galactic cluster in the previous aeon ought to result in sets of
concentric circles in the CMB sky of notably lower temperature variance than in the
general background. In this arXiv note, we find that in an examination of the WMAP
data for points in the whole sky (excluding only the galactic plane region) which are
centres of at least three such low-variance circles, there are 352 such centers. In order
to estimate the likelihood that this number could have arisen merely from chance
fluctuations, we repeated exactly this same analysis using a standard type of simula-
tion of the CMB sky (employing the observed WMAP power spectrum—i.e. l-value
of a spherical-harmonic analysis—together with a randomization of the m-values)4
1 For example, see Carroll [4].
2 I here use the capitalized “Big Bang” for the particular event that originated our present aeon. The term
“big bang” refers, more generally to the event of origin of some unspecified aeon of the sequence.
3 See Penrose [5], Section 3.6.
4 In view of criticisms from others (e.g. Werhus and Eriksen [7], Moss et al. [8]) to a previous note that
we had put on the arXiv, in which the contrast between the simulation and the observed WMAP data was
even more pronounced, we here adopted a standard procedure for constructing the simulations—basically
identical to those used by our critics. This is not to be taken as an indication that we agree that the statistical
procedures adopted by our critics is the correct one, but it is allowing them the benefit of the doubt in this
particular analysis in order to demonstrate the considerable strength of our case, even when their procedures
for analysis are adopted.
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finding only 79 centres in the simulation. As this was the only simulation that we
had analyzed in this way we repeated the procedure with another such simulation,
again chosen randomly, this time finding only 47 such centres. At the time of writing,
no other group has repeated our analysis, either to confirm or refute what we have
done. In the absence of any such refutation, it seems that a plausible pointer has been
made in the direction of establishing CCC as providing a significant contribution to
cosmological truth.
An important ingredient of the theoretical arguments underlying CCC would be a
clear-cut definition of the appropriate notion of “mass/energy” transported by grav-
itational waves in cosmological models in which there is a positive . This would
appear to be an essential pre-requisite for ascertaining the transfer of energy carried
by gravitational waves from the supermassive black-hole encounter in the previous
aeon to the disturbance in the initial material in our own aeon’s Big Bang, as predicted
by CCC. We shall see in this article that a number of new issues are raised, concern-
ing the question of energy conservation, that do not appear to have been adequately
addressed before. Since we do not have asymptotic flatness, when  > 0, the accepted
(Bondi–Sachs) notions of energy carried by gravitational waves cannot be used, the
space-time geometry being (in an appropriate sense) asymptotically de Sitter rather
than asymptotically flat.
2 Bondi–Sachs mass/energy
The early days of general relativity, the fact that gravitational energy could not be
localized in space-time, in a coordinate-independent way had been disturbing to many
theorists, and often regarded as a reason for being suspicious of Einstein’s theory (see
e.g. Pais [9]). Einstein’s own approach to this issue had been to assign a “pseudo-
tensor” to represent gravitational energy whose coordinate-dependent nature reflected
gravitational energy’s non-local character. This indicated that one could only talk
precisely about the gravitational contribution to the energy of a system in terms of
an asymptotic limit, taken out to infinity. With a brief note to Nature in 1960 [10],
Hermann Bondi put forward the essential basis of his own idea for defining the total
retarded mass/energy of a system, by adopting a coordinate system in which a retarded
time coordinate was used, chosen to be constant on a family of outgoing null hyper-
surfaces. (Somewhat similar ideas had been put forward earlier by Trautman in 1958
[11,12].) Bondi had made the additional simplifying assumption of axi-symmetry, and
developed the formalism in this framework in considerable detail with van der Berg
and Metzner in 1962 [13]. Very shortly afterwards, Rainer Sachs [14,15], generalized
this work, removing the restriction of axi-symmetry and exploring the relations to
asymptotic symmetry, so that the asymptotic measure of total momentum could also
be identified (see Bonnor and Rotenberg [16]).
The advantage of using a notion of retarded time in this definition was that it
became possible to identify the contribution to the total mass/energy that is carried
away from an isolated system by gravitational radiation. Bondi introduced the term
“news function” for the quantity—denoted here by N—whose absolute square NN¯
integrated over the sphere at infinity, measures the rate of energy loss in gravitational
radiation. In Bondi’s original axi-symmetrical situation, N was a real number, but in
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Sach’s extension to the general case, N became a complex (spin-weighted) quantity
defined at future-null infinity.
Various other procedures for addressing the issue were developed by others
[2,17–19], but my own particular geometrical approach (Penrose [20–22], Penrose
and Rindler [24], Chapter 9.) involved introducing a conformal rescaling of the physi-
cal metric gˆab,5 so that future-null infinity I+ becomes a null-hypersurface boundary
(henceforth denoted simply by I, since no past conformal infinity is considered in this
article) which is attached smoothly to space-time, where the rescaled metric
gab = ω2 gˆab
can be continued smoothly to (and even beyond) the hypersurface I. Here I use the
notation “ω” for the conformal factor, which becomes zero smoothly at I as it is
crossed, having a non-vanishing future-pointing derivative there (so as to be consis-
tent with the notation used in Appendix B of Cycles of Time [5]). Accordingly, ω is
taken to be negative within the physical space-time M, but the inverse quantity
 = −ω−1
is positive within M, becoming infinite at I. We now have, for the physical metric gˆab,
gˆab = 2gab.
For an asymptotically flat M, the future conformal infinity I is a null hypersurface,
but for M with a positive cosmological constant , this hypersurface I is spacelike
[20,21]. This feature is essential for CCC, since in that scheme I needs to be matched
conformally to a spacelike big-bang hypersurface B, where B is taken to be a smooth
past boundary to the succeeding aeon which, in accordance with a particular mathe-
matical proposal for formulating the “Weyl curvature hypothesis” introduced by Tod
[25] in 2003, ensures that the gravitational degrees of freedom are hugely suppressed
at that aeon’s big bang, as appears to be the case observationally for the Big Bang of
our own aeon.
In the conformal approach to defining the Bondi–Sachs mass/energy, we first note
that there is an important discrepancy between certain conformal scalings. On the one
hand, we have the invariance under gˆab = 2gab given by
Cˆabcd = Cabcd and ˆABC D = ABC D,
where Cabcd is the Weyl conformal curvature tensor and ABC D is its spinor equiva-
lent, these two quantities being related to each other by
Cabcd = ABC D εA′ B′εC ′ D′ + εABεC D ¯A′ B′C ′ D′
5 Throughout this article I use abstract indices, consistently with the notation of Penrose and Rindler
[23,24].
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(abstract-index notation, signs, etc., as in Spinors and Space Time [23]), Cabcd =
C[cd][ab], C[abc]d = 0, Cabca = 0, ABC D = (ABC D). On the other hand, we may
want to have a tensor Kabcd or its spinor equivalent ψABC D , related to each other in
exactly the same way
Kabcd = ψABC D εA′ B′εC ′ D′ + εABεC D ψ¯A′ B′C ′ D′
and taken to be proportional, respectively, to Cabcd and to ABC D , but where under
gˆab = 2gab we demand
Kˆabcd = −1 Kabcd and ψˆABC D = −1ψABC D .
The reason for this different scaling is to achieve conformal invariance (in vac-
uum) for the propagation equations (the spin-2 massless “Schrödinger equations for
gravitons”):
∇d Kabcd = 0 (i.e.∇[e Kab]cd = 0); equivalently ∇ AA′ψABC D = 0
In the physical metric gˆab we demand the equalities
Cˆabcd = Kˆabcd and ˆABC D = ψˆABC D,
but the discrepancy is revealed when we pass to the metric gab, for which the conformal
boundary I has been introduced.
This conformal invariance of the propagation equations is a key ingredient of the
conformal approach to the study of radiation fields, because it tells us that the radiation
propagates to (and “through”) I just as it would at any finite hypersurface, not really
“noticing” that I actually represents infinity. The radiation field registers its presence
by attaining finite values at I. The same holds for electromagnetic radiation, and also
for the quantities that are needed for the determination of the total mass/energy of
a system as measured at some specific retarded time, this retarded time being speci-
fied by some family of cross-sections—or “cuts” S—of I. The difference in scaling
behavior between ABC D and ψABC D (or, equivalently, between Cabcd and Kabcd )
leads to the conclusion that ABC D (and Cabcd ) must vanish at I and that it is the
normal derivative of these conformal curvature quantities across I that provides us
with the measure of gravitational radiation, and related quantities.
It is usual to refer the relevant spinor quantities on I to a spin-frame (oA, ιA),
where the flagpole of ιA points along the (null) generators of I, and where that of oA
points along the other null normal to each S of the chosen family i.e. along the (null)
generators of the hypersurfaces N of constant retarded time. The quantity that must
be integrated over S in order to define the Bondi–Sachs mass, at the retarded time
specified by S, in the conformal approach, is
μBS = 14πG (σN − ψ2)
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where ψ2 is the component
ψ2 = ψ0011 = ψABC DoAoB ιC ιD
on the cut S, where N meets I. The quantity σ is the complex shear
σ = oAoB ι¯A′∇AA′oB
of the generators of N (at I ), and the quantity N is the Bondi–Sachs news function
N = 20 = 110′0′ = ABC ′ D′ ιAιBo¯C ′ o¯D′
on I , where ABC ′ D′ is essentially the trace-free Ricci tensor
Rab − 14 Rgab = −2AB A′ B′ .
Now, suppose that S1 and S2 are two cuts of I , where S2 lies entirely to the future of
S1 along I. Suppose, also, that the conformal scaling at I is chosen so that the intrinsic
metric of every cut is that of a unit sphere. The Bondi–Sachs mass-loss formula tells
us that the integral of μBS over S1, with respect to surface area, is never smaller than
the corresponding integral of μBS over S2, and that the difference is equated to the
integral over the region of I between S1 and S2, of (4πG)−1NN¯ plus any contribu-
tion from the energy momentum tensor of massless radiation that may have crossed
I between S1 and S2.6
3 New issues arising from a positive 
The case of a positive  presents us with several new issues, mainly to do with the
spacelike nature of I, and the main purpose of this article is to point these out. I do
not have a full resolution of all these matters, but some suggestions will be made in
Sect. 4.
The first point of difficulty to consider is that the very notion of “energy” is
problematic when there is a cosmological constant in Einstein’s equations. I shall
be concerned here only with the cosmologically clearly relevant case, which is gen-
eral relativity with  > 0. (This is despite the great current interest in the “AdS/CFT
conjecture”, see [26,27] for which  is taken to be negative.) When  > 0, we are
concerned with asymptotically de Sitter space-times, rather than the asymptotically
flat ones of Sect. 2. The problematic nature of the energy notion is made especially evi-
dent when we consider that even if we are concerned only with very weak gravitational
fields, these would be perturbations of de Sitter space D, rather than of Minkowski
space M. There is no appropriate analogue of the subgroup of motions of M that
6 Most derivations of the Bondi–Sachs mass-loss formula seem to require that S2 is an asymptotic time-
translation of S1 (see Sachs [15]). As far as I am aware, a proof of the more general statement provided
here was first enunciated in Penrose [22]; see also Penrose and Rindler [24], Section 9.10.
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is associated with energy-momentum, namely its 4-dimensional translation group.
Moreover, there is not even any globally defined timelike Killing vector in D, which
would seem to be required for an adequate notion of energy to be defined—even in
the completely gravity-free case.
This last problem is only partially addressed if we restrict attention to an appropri-
ate subspace D’ of D. It might be thought that such a subspace would be that which
is relevant to the old steady-state model of the expanding universe, since “steady
state” means “forever unchanging”, so there should be a Killing vector describing the
unchanging nature of this model. Indeed, this is the case, but this stationary model pos-
sesses a cosmological event horizon, outside which the chosen Killing field becomes
spacelike (so that the galaxies are described as exceeding the speed of light from the
perspective of this Killing field). The region within which the Killing vector remains
timelike converges on only a single point of the spacelike I.
We can get a good picture of this situation by examining the representation7 of de
Sitter space D as the 4-hyperboloid (with two spatial directions suppressed)
−t2 + w2 + x2 + y2 + z2 = 3/
in Minkowski 5-space M5 with standard coordinates (t, w, x, y, z). The steady-state
portion is taken to be that part of the hyperboloid for which t > w. The integral curves
of this Killing vector would be the lines of intersection of the hyperboloid with the
timelike 2-planes given by
x = const, y = const, z = const,
and these lines remain timelike only when x2 + y2 + z2 < 3/. All these world-lines
converge on a single point of I.
The situation is happier if we ask only for conformal Killing vectors, for the orthog-
onal trajectories to the spacelike 3-surfaces of “constant steady-state time”, namely
the intersections of the hyperboloid with the 4-surfaces
t − w = const > 0.
These curves are intersections of the hyperboloid with the 2-planes passing through
the null line
t = w, x = y = z = 0.
These lines spread out over the entire steady-state part of the hyperboloid, mapping
to one another each entire Euclidean 3-space, given by a moment of steady-state time
t − w, but with an exponential stretch as this time progresses. Each of these timelike
lines has a separate intersection with I, meeting it orthogonally. It seems to me that
these lines represent the best analogue of a “progression of time” that we have, and
that our concept of “energy” for weak-field gravitational perturbations would need to
7 This picture is to be Fig. 28.7, on p. 748 of my book The Road to Reality [28].
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depend upon such a notion. The fact that we are presented with a timelike conformal
Killing vector, rather than an actual Killing vector may be no disaster, provided that
the essential physics that we are concerned with is conformally invariant, or can be
discussed in relation to conformally invariant physical processes.
In fact, according to the philosophical principles underpinning CCC, this is indeed
the case. We consider that in the extremely remote future, all rest-mass has died away
(including the complete Hawking evaporation of all black holes). Technically, accord-
ing to CCC, one needs to assume that there is some mechanism (presently unknown)
that causes the rest-masses of all particles to die away in the future asymptotic limit.
There is no observational (or theoretical reason from the point of view of present parti-
cle physics) to expect such an eventual dying away of rest mass, but such a possibility
seems not to be theoretically inconsistent. (For example, in the conventional approach
to particle physics, one takes stable elementary particles to be described according to
irreducible representations of the Poincaré group, where rest-mass is one of the Casi-
mir operators. But with a positive , the de-Sitter group might be more fundamentally
appropriate, and rest-mass is now not a Casimir operator). In any case, it would be
likely to be a good approximation to assume that the contents of the ultimate remote
future of each aeon is essentially composed of massless particles. Gravitation itself
is not conformally invariant, but in accordance with the discussion of Sect. 2, above
(and the discussion given in Appendix B of Cycles of Time [5]) the relevant aspects
of general relativity can be treated by use of conformally invariant procedures. It may
well be that a conformal notion of energy, at the moment of crossover from one aeon
to the next, will be adequate for what is required.
If we are to expect any analogue, for positive , of the Bondi–Sachs formula for the
energy carried away by gravitational energy, with we shall need to address a further
issue that arises from the fact that I is now spacelike. With the null I that arises for
an asymptotically flat space-time we have a clear-cut notion of the passage of retarded
time, which is reflected in the fact that there is a time-direction on I, namely that
which points into the future along the null generators. Something similar occurs when
a negative  is present, because the timelike nature of I allows timelike lines to be
drawn on I, and we could consider that the passage of time is described in terms of
a future evolving time parameter on each of these lines see Ashtekar and Magnon
[29]. However, on the spacelike I that occurs with a positive , any “passage of time”
would carry us away from I itself, so we need to view things differently.
Suppose that we have a gravitational source, which emits a burst of massless radi-
ation. If we consider a “retarded time” null hypersurfaces N1 and N2 meeting I in
respective spacelike 2-surfaces S1 and S2, where N1 reaches out to infinity through
a region of space-time before the emitted radiation, while N2 reaches out to infinity
after the radiation was emitted. This relationship is expressed, on I, in the fact that the
2-surface S2 lies “within” the 2-surface S1, and the emitted radiation itself makes its
mark on I in the region of I that lies between S2 and S1. It would seem, therefore, that
the sort of formula that needs to be aimed for would be one in which the mass/energy
value assigned to S1 is equal to the corresponding mass/energy assigned to S2 plus
some non-negative contribution arising from the region between the two which can
be assigned the interpretation that it is the mass/energy of the radiation (gravitational
plus electromagnetic, etc.).
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4 Suggestions for an analogue of Bondi–Sachs mass, with positive 
Two alternative approaches to a retarded mass/energy definition suggest themselves
and I describe each of these briefly here. Each requires further investigation to see
whether it provides a route to a solution of the issues raised above. The simpler of
the two to state makes use of the following expression, which defines the Gaussian
curvature K + K¯ of a spacelike 2-surface S:
K = σσ ′ − ψ2 − ρρ′ + 11 + R/24
In addition to the Gaussian curvature, K involves an imaginary part which is a kind
of extrinsic curvature quantity defined by the imbedding of S in the space-time (see
Penrose and Rindler [23] pp. 272, 277). For the definition of the various quantities
appearing in K , we need to choose a spin-frame (oA, ιA), where the flagpole of ιA
points along the outward null normal to S and that of oA, along the inward null normal.
The complex shear σ is defined as in Sect. 2, and ρ is the complex convergence (the
imaginary part defining the rotation, which is zero here owing to the oA being normal
to a 2-surface) is given by
ρ = oAιBo¯A′∇AA′oB
The primed quantities σ ′ and ρ′ are obtained from the unprimed ones by interchanging
oA and ιA (strictly oA → iιA, ιA −→ ioA), and 11 is the component
11 = 010′1′ = ABC ′ D′oAιBo¯C ′ ι¯D′
The integral of K over S, with respect to the surface area element dS, for a compact
S of genus g is
∮
S
K dS = 2π(1 − g)
and we choose g = 0 here. The integrand splits naturally into the two parts, the first




(σσ ′ − ψ2)dS
and the second of which, −ρρ′ + 11 + R/24, is real, telling us that Q is also
real. Now the quantity μBS whose integral over S gives us the Bondi–Sachs mass is
(4πG)−1(σN − ψ2) (see Sect. 2), and σN − ψ2 is the derivative of σσ ′ − ψ2 in the
direction of la = oAo¯A ′ in the asymptotically flat case, when I is null. The suggestion




In order for this to be made precise, an appropriate normalization of the vector la
is needed or, equivalently, of the vector na = ιA ι¯A′ (since lana = 1)—in relation to
the choice of conformal factor. What is required in the null case is that the conformal
factor ω is chosen so that the metric of all cuts of I are unit metric spheres and that
na = ∇aω on I. In the case  > 0, as described in Appendix B of Cycles of Time
[5], we find that the (timelike) normal vector to I
Na = ∇aω
satisfies 4∇(a Nb) = gab Nc N c, which in spinor terms is ∇A(A′ NB′)B = 0, on I; i.e.
∇A(A′∇B′)Bω = O(ω).
Moreover, it appears that we can arrange
Na N a − /3 = O(ω3) and ∇a N a = O(ω2),
and it certainly follows that
∇a Nb = O(ω), i.e. ∇a∇bω = O(ω).
In accordance with this, we can choose to normalize our spin frame so that
la + na = N a√6/
which seems to fix the energy definition in what appears to be an appropriate way, and
it simplifies many of the calculations. For example, we find that with this normalization
and conditions on N a at I
κ, κ ′, τ, τ ′, ρ′ + ρ¯, and σ ′ + σ¯ are all (at least) O(ω),
using the (compacted) spin-coefficient formalism described in Spinors and Space-
Time8and the resulting equations suggest that 20 provides an appropriate definition
of complex “news function” similarly to what occurs with the asymptotically flat case.
Even so, the proposal made above for the positive- version of Bondi–Sachs
mass/energy is something of the nature of a “guess”. More clearly motivated from
the requirements of weak-field general relativity is the second proposal being put for-
ward here, which is to make use of the ideas of quasi-local mass proposed by the
author in 1982.9 In this approach, one adopts a procedure which, for linearized grav-
itational fields in flat space-time, would reduce the spin of the gravitational quantity





twistor equation ∇ A′(AσC D) = 0. Then the quantity ϕAB = ψABC DσC D
8 Penrose and Rindler [23]; see also Geroch et al. [30].
9 See Penrose [31], Penrose and Rindler [24]; compare the related ideas of Goldberg [2].
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behaves like the spinor form of a Maxwell field whose charge integral can then be
performed. For the different possible choices of σC D we get all the different conserved
sources for the linearized gravitational field, originally obtained in a different way in
1958 by Sachs and Bergmann [32]. In curved space-time, the quantity σC D cannot
generally be obtained in this way, but in relation to a specific spacelike 2-surface S,
with spherical topology, one can build up quantities like σC D out of tensor products









twistor equation reduces to a pair of partial differential equations within
S whose solutions define what are known as “2-surface twistors”. This procedure
works well for obtaining the Bondi–Sachs mass in an asymptotically flat space-time,
and provides a definition that is independent of any choice of Bondi-type coordinate
system.10
However, the procedure would have to be generalized appropriately if it were to
apply to the asymptotically de Sitter case, as some of the equations need to be altered
when a non-zero cosmological constant  is present. In relation to this, a further issue
that needs to be attended to is the fact that in the procedure adopted previously, when
 = 0, the quantity σC D acts as a potential for a Killing vector, and in asymptotically
flat space-time, this choice would be an asymptotic timelike Killing vector that would
be appropriate to the definition of mass/energy. However, here we require a conformal
Killing vector, in accordance with the discussion of Sect. 3. This tells us that some
modification of the equations appropriate to the  = 0 case is required. If this is done
appropriately, a link between the two proposals being suggested here could become
evident, as indeed is the case when  = 0.
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